Almost half of the population of Bolivia currently lives in the metropolitan regions of La Paz, Santa Cruz, and Cochabamba. Motivated by the potential for growth and development of these regions, this article documents the evolution of their human development differences over the 1992-2013 period. In particular, using the United Nations' human development index at the municipal level, this paper evaluates the process of regional convergence through the lens of three frameworks: beta, sigma, and distributional convergence. The overall result is an increasing tendency toward convergence that is driven by both slower forward mobility of the less developed regions and faster backward mobility of the more developed regions. The distributional convergence framework provides further insights and suggests that the formation and merging of multiple convergence clusters is a salient feature of inequality reduction. Furthermore, in the long-run, convergence appears to be characterized by the transformation of a trimodal distribution into a left-skewed unimodal distribution. The article concludes emphasizing that the cross-regional distribution of human development in Bolivia is quite sticky at its left tail and, as a result, the least developed regions are still relatively far from achieving complete convergence in the long run.
Introduction
Since the mid-1980s, Bolivia has experienced large political, social, and economic transformations. Among its social and demographic transformations, there has been a continuous movement of population toward the most urban and metropolitan areas of the country. By the year 2013, forty six percent of the total population are concentrated in the main metropolitan regions of Bolivia (UNDP, 2016) .
Given the notion that metropolitan regions within a country are more likely to share a common technological and institutional environment, 1 the neoclassical growth model would predict that these regions are expected to converge in terms of their living standards. Motivated by this prediction and the observed socioeconomic progress of the metropolitan regions of Bolivia, this paper documents the evolution of human development disparities and convergence patterns over the 1992-2013 period. In particular, using the United Nations' human development index at the municipal level, this paper evaluates the process of regional convergence through the lens of three frameworks: beta, sigma, and distributional convergence.
Due to the lack of systematic datasets at the municipal level, most convergence studies about Bolivia have focused on the regional per-capita income differences among the nine departments of the country (Evia et al. (1999) ; Sandoval (2003) ; Soruco (2012) ; among others 2 ). The work of Machicado et al. (2012) is a notable exception that uses municipal-level data to analyze the spatial determinants of human development, which is measured by the United Nations' human development index. In addition, most studies primarily focus on 1 For instance, compared to urban and rural differences within a country or high-income and low-income differences across countries, metropolitan regions within a country are expected to have a higher degree of homogeneity.
2 More recent references include Kuscevic-Montero and Rivera-del-Rio (2013), Caballero-Claure and Caballero-Martinez (2016) , and Mendez-Guerra (2017). classical summary measures of convergence such as beta and sigma convergence. 3 As argued by Quah (1993 Quah ( , 1996 Quah ( , 1997 , an important limitation of these summary measures is that they assume that all regions converge at the same rate and to the same steady state. In this context, this paper provides not only an evaluation of the human development differences across metropolitan municipalities, but also implements a more comprehensive and flexible analysis of the process of convergence. That is, besides using the summary measures of beta and sigma convergence, it evaluates the transitional dynamics and longrun equilibrium of the entire cross-sectional distribution of human development.
Overall, the results suggest that there is a tendency toward regional convergence that is largely driven by both forward mobility of the less developed regions and backward mobility of the more developed regions. Moreover, increasing rates of both sigma and beta convergence suggest that the dynamics of the 2001-2013 subperiod largely explain the process of inequality reduction observed in the entire 1992-2013 period. Results from the distributional convergence analysis suggest that the formation (and merge) of multiple clusters of convergence is a salient feature of inequality reduction in human development.
The 1992-2001 period appears to be characterized by three separate convergence clusters. The 2001-2013 period, on the other hand, highlights the merge between the central cluster and the high-development cluster identified in the previous decade. Given these clustering dynamics, the long-run equilibrium distribution appears to be characterized by the transformation of a trimodal distribution into a left-skewed unimodal distribution.
The rest of the paper is organized as follows. Section 2 briefly describes the three convergence frameworks and the data of the study. Section 3 presents the results for each framework, with particular emphasis on the increasing rates of convergence over time. Finally, Section 4 offers some concluding remarks. 3 The work of Mendez-Guerra (2017) is an exception that studies convergence using a nonparametric distributional approach.
Methodology and Data

Two Classical Measures of Convergence: Beta and Sigma
The main prediction of the standard neoclassical growth model is conditional convergence in the sense that the growth rate of an economy is higher when there is a large distance between this economy's level of development and its own steady state. When economies or regions share a common technological and institutional environment-such as the case of the municipal regions within a country-they are likely to converge to the same steady state. Thus, given this common setting and the existence of diminishing marginal returns to capital accumulation, less developed regions would tend to grow faster than more developed ones. In the growth and development literature, this inverse relationship between the initial level of development and its subsequent growth rate is typically referred as beta convergence. In what follows, I briefly 4 describe the main components of the beta convergence framework in the context of the variables of this paper. In addition, I explain the concept of sigma convergence and point out how it is related to the beta convergence measure.
Beta Convergence
The empirical analysis of beta convergence has been documented in a vast collection of papers. 5 In particular, the analysis of Barro and Sala-i-Martin (1991 , 1992a , 1992b has been largely influential. Their analysis typically starts by considering the average growth rate of output per worker (or alternatively, for the present paper, the human development index) over an interval of t time periods, starting at 0. That is,
where β is the speed with which a representative economy converges toward its steady state, y 0 is the initial level of output, (1/t) log (y t /y 0 ) is the average growth rate between time 0 and time t, ϕ is the exogenous growth of technology, A 0 is the initial level of technology, andỹ * is the steady-state value of output per effective worker. When a group of economies (or regions) share a common technological and institutional environment, Equation 1 becomes
and the rate of beta convergence (β) can be computed by estimating the follow-
where γ is a constant and u t is a random (white noise) disturbance that reflects unexpected changes in production conditions, preferences, technologies, or institutions.
In addition to the rate of beta convergence (β), a second parameter of interest, known as the "half-life" measure of convergence, can be computed as
This second parameter is particularly informative because it measures the time that a representative economy needs to halve the gap between its initial and steady-state level.
Sigma Convergence
Sigma convergence is a more general notion of convergence that is complementary to the analysis of beta convergence. It describes the decline of the cross-sectional variation of a variable (such as the GDP per worker or the human development index ) over time. Beta convergence is one determinant of sigma convergence, but as argued by Quah (1992) , Sala-i-Martin (1996) , and other authors, beta convergence is not a sufficient condition for sigma convergence.
The analytical justification for this argument is as follows. First, let us restate Equation 2 in a two-period context.
Next, let σ 2 t represent the cross-sectional variation of log y t at time t. Equation 4 and the assumed white noise properties of u t imply that σ 2 t evolves over time in accordance with the following first-order difference equation
When the variance of the of the random disturbance is constant over time (σ 2 ut = σ 2 u ), the solution to this equation is
where σ 2 0 is the variance of log y 0 . Equation 5 implies that as σ 2 t approaches its steady-state value σ 2 t = σ 2 t−1 = σ 2 , the cross-sectional variation becomes
where σ 2 declines with an increase in β or with a decline in σ 2 u . In other words, beta convergence (an increase in β) is not a sufficient condition for sigma convergence (a decline in σ 2 ), since a reduction of the cross-sectional variation (σ 2 ) also depends on the variation of the random disturbance (σ 2 u ). Thus, this observation led Sala-i-Martin (1996) and other authors to suggest that the study of beta convergence should be complemented by a study of sigma convergence.
Distributional Convergence
Classical summary measures of convergence, such as beta and sigma convergence, characterize the behavior of a representative economy that approaches smoothly to a unique steady state. Thus, cross-sectional differences in the speed of convergence are not taken into account. It could be possible that at a point of time some economies are converging faster or slower than others. Largely motivated by this limitation, Quah (1993 Quah ( , 1996 Quah ( , 1997 introduces the distributional convergence framework, which describes the evolution of the entire cross-section of economies. At its core, this framework characterizes the dynamics of a system in terms of the transitional dynamics and long-run equilibrium of a nonparametric distribution function. Transitional dynamics are modeled via an estimated stochastic kernel, which is a continuous state-space representation of a Markovian transition matrix. The long-run equilibrium is modeled via an estimated ergodic distribution, which is a continuous representation of a Markov chain equilibrium. In what follows, I briefly 6 describe more the main components of the distributional convergence framework in the context of the variables of this paper.
Transitional Dynamics
Denote p t (x) as the initial cross-sectional distribution of human development 7 at time t. Likewise, p t+s (y) is the human development distribution at some future time t + s. To model the evolution from time t to time t + s, the literature typically assumes a first-order autoregressive process of a time-homogeneous Markov chain. That is,
Where the transition between the initial distribution, p t (x), and the future distribution, p t+s (y), is mapped by a transitional probability operator, P (y | x), which is commonly referred in the literature as the stochastic kernel.
To estimate this stochastic kernel, most studies exploit the advantages of nonparametric methods (Wand and Jones, 1995; Li and Racini, 2007; Henderson and Parmeter, 2015) . The first step in the estimation is to define the stochastic kernel as a conditional distribution
where p t,t+s (y, x) is an unconditional joint distribution. The next step is to specify this joint distribution in terms of two kernel functions and a pair of smoothing parameters. A common candidate is
where y and x denote (relative) human development in each region at time t and t + s respectively, K y and K x denote Gaussian kernel functions, and h y and h x denote the smoothing parameters for y and x respectively. Following Magrini (1999 Magrini ( , 2009 ) and Kar, Jha, and Kateja (2011) , the optimal selection of the smoothing parameters is based on the minimization of the asymptotic mean integrated square error (AMISE). The final step is the specification of the marginal distributions (p t+s (y) and p t (x)) , which are estimated using a single Gaussian kernel function and a single smoothing parameter. 8
Long-run Equilibrium
To estimate the ergodic distribution, the approach of Johnson (2000 Johnson ( , 2005 is implemented. Considering the dynamics described in Equation 7, the long-run equilibrium of the system is given by the solution to the following problem:
If a solution exists, then the shape of the ergodic distribution, p ∞ (y), provides valuable information regarding the long-run convergence patterns of the economic system. To compute this solution, this paper uses the MATLAB functions developed by Magrini (2009) .
Data and Some Stylized Facts
The dataset comes from the 2016 Human Development Report for Bolivia. 9 The To illustrate some of the basic patterns associated with this dataset, Figure   1 compares the human development progress of the metropolitan regions and Using this rescaled version of the index, Figure 2 illustrates the dynamics of regional differences in human development during the 1992-2013 period. By simply looking at the dispersion of the points along each axis, it is clear that there is a noticeable reduction in human development differences over time.
For instance, relative to the sample mean of the year 1992, human development differences ranged between 17 percent below the mean (the case of Palca) and 20 percent above the mean (the case of Santa Cruz). By the year 2013, this range has noticeably decreased. Human development differences ranged between 12 percent below the mean (the case of Laja) and 7 percent above the mean (the case of Santa Cruz). to be moving forward, whereas the regions with relatively higher levels of human development appear to be moving backward. 10 Naturally, the outcome of 10 Note that a backward movement in relative terms does not imply a backward movement in absolute terms. these dynamics is a process of regional convergence. , -2001 , and 2001 , -2013 Some extreme examples of mobility dynamics may be illustrative. The region of Tiquipaya improved its relative position from 3 percent below the mean in 1992 to 7 percent above the mean in 2013. In contrast, the region of El Alto deteriorated its position from 7 percent above the mean in 1992 to 7 percent below the mean in 2013.
Figure 3: Forward and Backward Mobility in Human Development
When focusing on shorter time periods, Figure 3 suggests that the speed of regional convergence differs over time. Panel A of Figure 3 shows relatively little regional mobility in the 1992-2001 subperiod. In contrast, the relatively large regional mobility of the 2001-2013 subperiod appears to be driving the convergence process observed in the entire 1992-2013 period.
Although the fitted regression lines of Figures 2 and 3 summarize-to some
extent-the overall convergence pattern across metropolitan regions, there are some key aspects of the convergence process that require further investigation.
A more formal analysis using classical measures of convergence (that is, sigma and beta convergence) can be helpful for evaluating the robustness of previous results. More interestingly perhaps, the distributional convergence framework can be helpful for evaluating nonlinear dynamics and the formation of convergence clusters. Finally, a more complete dynamic analysis should also include both notions of transition and long-run equilibrium. All these important aspects of the convergence process are presented in the next section. Figure 4 shows the inverse relationship between the initial level of human development and its subsequent growth rate. This results implies that, on average, the less developed regions are growing faster than the more developed ones. Hence, a process of beta convergence appears to be occurring among the metropolitan regions of Bolivia. Table 1 shows the rates of beta convergence and the "half-life" indicator for the entire 1992-2013 period and its two subperiods. For the 1992-2001 subperiod, the estimated value of the rate of convergence is 2.23 percent and the im- Sigma Convergence Figure 5 shows the evolution of regional disparities over time. Two measures of cross-sectional dispersion, the standard deviation and the interquartile range, are calculated in the years for which data is available. The overall result is a clear reduction in the human development disparities over time. Hence, also a process of sigma convergence appears to be occurring among the metropolitan regions of Bolivia. A common concern in the analysis of dispersion has to due with the sensitivity of the standard deviation to extreme values. Since the computation of the standard deviation requires the estimation of the sample mean, which in turn tends to be sensitive to outliers, it is plausible that the sigma convergence finding may not be robust. To alleviate this concern, the declining tendency of the interquartile range, which is an indicator less sensitive to outliers, reassures that the human development differences across regions appear indeed to be decreasing over time. 11 Figure 5 also suggests that the rate of change of sigma convergence has changed over time. In particular, over the 2001-2013 subperiod, differences in human development have declined at a faster speed. This phenomenon is particularly more notorious when using the interquartile range.
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Concluding Remarks
This article has documented the reduction of human development disparities (as measured by the United Nations' human development index) across the metropolitan regions of Bolivia over the 1992-2013 period. In particular, through the lens of three convergence frameworks, the process of inequality reduction across regions has been characterized in terms of its variable rates of convergence (both beta and sigma), transitional dynamics, and long-run equilibrium.
Overall, there is a tendency toward regional convergence that is largely driven by both forward mobility of less developed regions and the backward mobility of the more developed regions. Moreover, increasing rates of both sigma and beta convergence suggest that the dynamics of the 2001-2013 subperiod largely explain the process of inequality reduction in the entire 1992-2013 period.
In addition, the transitional dynamics analysis, via the estimated stochastic kernel, suggests that the formation of different convergence clusters is a salient feature of inequality reduction in human development. In line with the increasing rates of sigma and beta convergence, these clustering dynamics largely differ across the two decades of the analysis. While the 1992-2001 subperiod appears to be characterized by the formation of three separate clusters, the 2001-2013 subperiod highlights the merging between the central cluster and the high-development cluster identified in the previous decade.
The long-run equilibrium analysis, via the estimated ergodic distribution and the observed marginal distributions, suggests that the process of regional convergence is characterized by the transformation of a trimodal distribution (year 1992) into a left-skewed unimodal distribution (ergodic estimation). This unimodal transformation, however, largely depends on the continuation of the human development dynamics observed in the 2001-2013 period. If, for instance, the dynamics of the 1992-2001 period are taken as a more realistic input for the long run, then the human development distribution is more likely to be characterized by two convergence clubs. In any of these cases, it appears to be clear that the human development distribution is quite sticky at the bottom, and thus the least developed regions are still relatively far from achieving complete convergence in the long run.
Finally, further research on regional convergence at the municipal level in Bolivia seems promising in at least three fronts. First, adjusting for spatial correlation may not only accelerate or retard the rates of beta and sigma convergence, but also change the composition and size of the convergence clubs. In this line of research, the work of Royuela and Garcia (2015) is an interesting illustration of how this adjustment can be implemented in the analysis of beta and sigma convergence, and the work of Gerolimetto and Magrini (2015) suggests an innovative spatial extension to be implemented in the distributional convergence framework. Second, alternative clustering frameworks can help evaluate the robustness of the convergence clusters identified in this paper. In particular, the convergence test and clustering algorithm develop by Sul (2007, 2009) appears to be a compelling alternative. Third, since the higher rates of convergence documented in this paper occurred in periods of high economic growth at the national level, it seems promising to have a more formal evaluation of regional convergence responses to fluctuations in the business cycle. Making progress on this front, Shibamoto et al. (2016) suggests using the panel analysis of nonstationarity in idiosyncratic and common components developed by Bai and Ng (2004) .
